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Abstract 

We calculate all of vielbein superfields up to second order in anticommuting coor- 
dinates in terms of the component fields of 11-dimensional on-shell supergravity by 
using 'Gauge completion'. This configuration of superspace holds the K-symmetry 
for supermembrane Lagrangian and represents 11-dimensional on-shell supergravity. 
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1 Introduction 



Some years ago, T. Banks, W. Fischler, S. H. Shenker and L. Susskind (BFSS) proposed 
that Matrix theory gives a complete description of hght-front M-theory . It had been 
proposed theory of DO-branes by E. Witten B . 

Up to now, it has become clear that Matrix model encodes a remarkable amount 
of the structure of M-theory and 11-dimensional supergravity(for reviews, see 0). The 
interaction between gravitons in Matrix theory has been shown to agree with supergravity 
to some extent [^. 

However, this theory is constructed on flat spacetime, therefore Matrix theory on 
curved backgrounds is required. For single DO-branes, the theory on curved backgrounds 
is expected to be described by Born-Infeld action ||^. For multi-particle system of DO- 
branes, namely Matrix model, the theory on curved backgrounds is as yet unknown. 
There are many trials to this problem. For example, starting from fiat Matrix theory, 
backgrounds are produced by many DO-branes f^. The other idea is that it is expected 
as supermembrane on curved backgrounds [0. In this paper we adopt the later idea. 

The theory of supermembrane is described as nonlinear sigma model f^. Supermem- 
brane consistently couples to 11-dimensional superspace backgrounds that satisfy a num- 
ber of constraints which are equivalent to 11-dimensional on-shell supergravity 0. After 
light cone gauge fixing and ^-symmetry gauge fixing, supermembrane theory on fiat back- 
grounds is equivalent to a quantum-mechanical model with supersymmetric U(N) gauge 
symmetry in the large N limit by use of matrix regularization [0. It has a continuous 



mass spectrum and instability [|r^, therefore it is expected that supermembrane matrix 
theory describes second quantization of DO-branes [|12|. From the beginning of sigma 
model, it couples to general backgrounds, therefore it is expected that sigma model on 
curved backgrounds is a candidate of Matrix theory on curved backgrounds. Actually 
curved backgrounds for supermembrane were investigated J^. In this reference, they cal- 
culated part of vielbein superfields and all of 3-form superfields up to second order in 
anticommuting coordinates. 

On the other hand, there are two more aspects of importance of searching for the 
structure of 11-dimensional superspace. One is getting much knowledge of many low 
dimensional supergravity theories which can be obtained by dimensional reduction from 
11-dimensional supergravity. The other aspect is getting the Lagrangian of superparticle 
coupled to 11-dimensional curved backgrounds. It is not Matrix theory, but very similar 
to Matrix theory |13| . 

However the structure of 11-dimensional superspace was not yet well-known. Thus we 
investigate the more higher components of 11-dimensional superspace. 
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In this paper, we compute all of vielbein superfields up to second order in anticommut- 
ing coordinates in terms of the component fields of 11- dimensional on-shell supergravity 
by using 'Gauge completion'. This configuration of superspace holds the /t-symmetry for 
supermembrane Lagrangian and represents 11-dimensional on-shell supergravity. 

The paper is organized as follows. In section 2, we explain our notations of the 
11-dimensional supergravity and obtain the full algebra of transformations in compo- 
nent formalism. In section 3, we review the supermembrane theory and the condition of 
K-symmetry and explain our notations of the superspace geometry and obtain the full 
algebra of transformations in superspace and solve Bianchi identity in our obtained con- 
straints. In section 4, we explain 'gauge completion' and compute part of the superfields. 
Other notations and conventions used throughout this paper are summarized in Appendix. 



2 11-dimensional supergravity 

Supergravity in 11-dimensional spacetime is based on 'elfbein' field e^, a Majorana grav- 
itino field ijj^ and third rank antisymmetric gauge field Ckim- Its Lagrangian can be 



written as follows [14 



L = -leR-2e^mr"'^'D„,{l{u + u;))i;i-^eF' 
I z yb 

I mi. ..mil -p -p n 

41472 mi...m4-' m5...mg'-^m9...mii 

+ 4e(V'nr™i-'-^"V^ + 12V'^'"T™^"^^^"^)(F + F)™,..^,. (2.1) 
9o 

where e = dete^, and {^denotes the spin connection 

a na o , la n c c\ t n a 

b = -e 0[jnen]b + 66 ,,6^d[ien]c + 6 i,0[m6n] 

Hi^mTbr + i^bT^r - ^mr>b) - ^v^„rj ^^p, (2.2) 

and Fkimn{= 4:d[kCimn]) denotes the field strength of the antisymmetric tensor. R{= 
e'^^e™ denotes the scalar curvature, where Rmn\{— 2<9[m'^n] "fe ~ ['^mj'^n]"^) denotes 

curvature tensor. 

The derivative Dm6{= (dm — \'-^mab^"''')6) is covariant with respect to local Lorentz 
t r ansf ormat ions . 
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The equations of motion are as follows, 



Rmnij^^ -^^^QmnFabcdF' -^^F^YiabcF^ , (2.3) 

= r"^"'D„(d;)^z, (2.4) 

r-) fpabcd ^ bcdai..as p p (0 

-L^a-T — 1152 aL.aiJ^ a5..asi l^-'-'J 

where Rmn{= ^n^e^'^Rmiab) denotes Ricci tensor. 
Supersymmetry transformations are equal to 

6se^ = 2er>^, 

^sCkim = -6er[fci^m], (2.6) 

with,r„-*" = ^(rr*"-85[;r*"i), (2.7) 

where F{= Fkimn + ^'^i'[k^ imi^n]) is the supercovariant field strength, and (!){= + 
l^/ViF^ b^^'0p) is the supercovariant spin connection. 

Note that the spin connection uj has supersymmetry variation according to elfbein 



and gravitino's variation in 2nd-order formalism |T^. While in 1.5-order formalism, it is 



defined as a dependent field determined by its equation of motion, whereas its supersym- 



metry variation is treated as if it were an independent field [|T6|. In this paper we use 
2nd-order formalism. 

The gauge transformations are equal to 

^cCnird = "idyminl]- (2.8) 

The local Lorentz transformations are equal to 

X „ a _ \a b 

^l^m b = dmX"'b + ^"c^m b ~ c^" b- (2-9) 

The general coordinate transformation are equal to 

^g^m b = C^^n^m b + dmC^nb^ 

SgCmnl = ^^dkCmnl + •id[m^''C\k\nl]- (2-10) 
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We obtain the full algebra of these transformations as follows 

= Sgi^s) + 5sie,) + SiiXs) + ^fe^n), (2.11) 

where 

= e2"5„er + e2r'"ei-(i^2), 

es = -e2r%^„-era„e2 + ^A2edr^'ei-(1^2), 

+ Y^e2(n^^*"F,,i„ + 24r,,n'^^)ei - (1 2), 

-(1^2). (2.12) 



3 Superspace representation 
3.1 Supermembrane theory 

Supermembrane theory is described as nonlinear sigma model P]. It is written in terms 
of superspace embedding coordinates Z^(^) = {X"^{^), 0{^)) , which are functions of the 
three world-volume coordinate ^*(z = 0, 1, 2) . 
The action is 

/ = / d'a-lv^9'%''^/vab + \v^g - ^e^^'^n/n/n.^ScB^), (3.1) 

where gij is the metric of the world- volume, g = det{gij) and 11^^ = diZ^Ej^. Ej^ 
is supervielbein, and the 3- form B = ^E^E^ Bcba is potential for the closed 4- form 
H = dB . 

This action has the following symmetries, 
world-volume repammetrization rj^{C) 

Sgij = rfdkgij + 2d(^irfgj)k, (3.2) 
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K-symmetry 



SZ'^'E^^ = 0, 



O^m^paX^n^qb + ^m^padnq + gmpdnq), (3.3) 

where k'^((^) is anticommuting space time spinor and the matrix F is defined by 

r = -^e*^'=n,'^n/n,T,,,. (3.4) 

Up to surface terms the K-invariance of this action imposes the following constraints on 
the 11-dimensional superspace geometry p. 

a/3 — a/35 
Haf3 ab = "^^ab a/3; 
HajS^S = HafS-yd = Habcd = 0, 

T% = T\, = T^^ = 0. (3.5) 

If we want interaction terms up to n-th order in anticommuting coordinates in Matrix 
theory, and Bmni are required up to n-th order in anticommuting coordinates, E"^ and 
B^mn are required up to (n-l)-th order in anticommuting coordinates, S^^m is required 
up to (n-l)-th order in anticommuting coordinates, S^^p is required up to (n-2)-th order 
in anticommuting coordinates. 



3.2 Superspace formalism 

In this subsection, we explain notations of the superspace geometry and obtain the full 
algebra of transformations in 11-dimensional superspace. As usual, we suppose that the 
11-dimensional superspace has Lorentzian tangent space structure and the vielbein Ej^ 
and the connection and 3-form potential B and its field strength H. 

The Lorentzian assumption implies 



^ab — 




^ab 


0, 


^a0 = 


-^^ab^ 
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From these basic fields we can define the torsion (T^ = DE^ = dE^ + E^VL^) and 

curvature {R^ = dflj^ + Bianchi identity under constraints is as follows, 

^adb'^ = Y^VabHcdefH"'^''-^ - —HacdeHf,"'^'', (3.7) 

= ^r„, ^ (3.8) 

^^■^abcd ^ __l_,bcda,..asH^^^^H^^ ^„ (3.9) 

DlaHbcde] = 0, (3.10) 

R[abc]d = Ra[bcd] = 0, (3.11) 

1 IT pcd ^ 

R/Sdca = T^d Tae/3 + T^a^TcefB " T^c Trfe/?, (3.13) 
1 

/3 



Ral3ab — -Habcd^'^'^ a(3 T^^cdef^ab ^ afi^ (3-12) 



Ti a ^ Tj T^bcda tt "p bcdea (n a a\ 

= -i2r[,,"^T^,j^-i(r[,,r^Di/,,],^)". (3.15) 

The supertransformation is equal to 

5t^Mp...Mi = S^(?x-'^Mp...Mi + P(?[Afp2^X|x|Mp_i...Mi] (3.16) 

for p-form's components. The local Lorentz transformations are equal to 

b^E^ = i5;^A/, 

= -A/fi^^ + fi/A^^ - ciA/. (3.17) 
The supergauge transformations are equal to 

^gBlMN = 'id[L'^MN]- (3.18) 

We obtain the full algebra of these transformations as follows 

[5t(Si) + 6l{Ai) + 6G{^iMN),STi^2) + (^l(A2) + 5g(H2A/Jv)] 

= 5t(H3) + 5l(A3) + Sci^SMN), (3.19) 



where, 



Sf = H^S^Sf + -(1^2), 
A3/ = -Sf9^A2/ + 5iA2/ + Ai/A2c^-(1^2), 



'5lS2A/Ar — dK'^2MN — '^d[M'^2N]K'^i " (1 ^ 2). (3.20) 



There are a great number of component fields in superspace. Thus if we try to identify 
superspace representation as ordinary supergravity, there are a great number of unknown 
degrees of freedom. The method of this identification is known as 'gauge completion' |T7 . 
We shall explain it in the next section. 

4 Gauge completion 

'Gauge completion' was introduced to identify superspace representation as on-shell su- 
pergravity [0. In this section we review this method and calculate part of components 
of the superfield in terms of the on-shell supergravity fields. 

Using this method, up to first order in anticommuting coordinates, the superfield 
components was investigated by E. Cremmer and S. Ferrara 0. Part of components at 
second order in anticommuting coordinates was investigated by B. de Wit, K. Peeters and 
J. Pleflca §. 

4.1 Gauge completion procedure 

'Gauge completion' is searching for structures of the superfields and superparameters 
which are compatible with ordinary supergravity. That is to say, supertransformations 
p.l6| ) - ( |3.18| ) are identified as transformations in 11-dimensional spacetime 



2^),( p.lOD and the 9 = components of superfields and superparameters are identified 



as the fields and parameters of ordinary supergravity. 
Firstly, we choose the input data as follows 

m 1 
E = " 

m rm 5 

O «(0) _ a 

" c , 

>(0) 



From ( |3.17| ) and ( p.9| ), we obtain 



Bmnl - Cmnl- (4.1) 



A,"^ = \\. (4.2) 



8 



Moreover we introduce the assumption that superparameters do not include the derivative 
of e. Then, the higher order components in anticommuting coordinates can be obtained by 
requiring consistency between the algebra of superspace supergravity and that of ordinary 
supergravity. 

If we can represent "^mn = '^d[M^N]-, we can choose the gauge as 'B.mn = because 
this superparameters do not change the 3-form superfields ( |3.18| ) and the algebra ( p.20|) . 
Thus we can choose the gauge as follows, 

E% = 0. (4.3) 

To obtain the higher order components of superparameters which depend on e, we 
must calculate the commutation of two supersymmetry transformation. 
According to (^32]) , QOOl) and ( ^1^ , 

= (5,(2e2r"^ei) + 6s{-2e2T\i^n) + 6,{-2e2T'eiCkmn - 2e2r„„ei) 
+6,{-2e2T-e^u^\ + Ie2(r'^,-*"F,,,„ + 24r,,n'^^)ei))C- (4-4) 



Thus one obtains 



E''^^\susy) = eT''e. (4.5) 



In the same way, to obtain the higher order components of superparameters which 
depend on A we must calculate the commutation of supersymmetry transformation and 
Lorentz transformation. To obtain the higher order components of superparameters which 
depend on we must calculate the commutation of supersymmetry transformation and 
gauge transformation. To obtain the higher order components of superparameters which 
depend on ^"^ we must calculate the commutation of supersymmetry transformation and 
general coordinate transformation. 

By this procedure, the following results had been known 0, 0. 

^ ^"^ + ^r'"e-^r"e^r™7/;„ + 0(6'^), (4.6) 
= e'^-^Acd(rt)^-^r"e^/ + 0(^2)^ ^47) 

A,'^ = A^-^r"ec:;„\ + ^^(rV'*"F,,,„ + 24r,,F«-)e + 0(^2)^ (4_g) 
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+^eT'i,^jT\i\^^t + o{e^), (4.9) 

= UT'^e{eT,r.n), + \{eT^),eT^r^e + 0{e^), (4.10) 

S^, = 0(^'). (4.11) 

According to superspace algebra, 

5susyE^\e=o = {E''{susy)dKE^ + dm^''{susy)Ej,^ + E^A,\susy))\e=o 

= e''d,{E<^^)+drnt''E<^\ (4.12) 

while in ordinary supergravity 

5susye^ = 2er>™. (4.13) 

Thus, one obtains 



(°) = 0, 

E^^'^ = 2^r>^. (4.14) 



By this procedure, the following results had been known 



E^^ = + 2^r>^ - ^^rtcuw + ^^r 



+ ^^r-*-^F,,,,eJ - l^r-*"^F^,,„ + 0(9^), (4.15) 

E^- = V^^"-^^^.,(rt)" + (rj^*"^)"F,,,. + 0(^2), (4.16) 

i?/ = -(r^^)^ + 0(^3)^ (4_^7) 

i?/ = 5," + 0(^'), (4.18) 

V = ^{{rV''''0),Frstu + 2A{rrs9),F%^'} + O{e'), (4.19) 

+^^7r„,'-^*^F,,,,. + 24r,,,F,,-)^^ + 0{9'), (4.20) 
3 ^_ 3 ^ 

Bmnl = Cmnl — Q9r[mn'^l] + ^"^[Z 9Tmn]cd9 — -'^[lmn]9 
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+0{e^), (4.21) 

Bmn^ = (^r^n)M + lo^%m{Or \k\n]) + ^ (^r*^)M^rfc[^Vn] + 0(9'), (4.22) 



2 - M- _ _ 

SmM. = (^r^„)(^(^r"),) + c»(^3), (4.23) 
B^^p = (^r^„)(^(^r-),(^r"),) + c»(^^). (4.24) 

(4.25) 

Because the flat geometry had been known, we include the 9^ term in B/^i^p for complete- 
ness. 

4.2 Calculation 

2^(2) jg subject to the following equations, 

e^a^a^s? -(1^2) = ^e^(r„b^^*" + 245,"Cr-6i).r«%F,,,„ 

+ (r\i)^(7^r*")%e2^rs*n - e^(rei).(rV„)^^," 
-(r"6i)^e^(rVn).V'." - ^(r'^ei)^ci„„,(r'')",e2^ 

-ie^(r"ei).a;,.,(r«^)'; - (1 ^ 2). (4.26) 
However, if simply we drive the equation, 

e^a^a.s« = (r^i)^(Tr")".6^F,,,„-6^(r"ei),(r^^„)^^," 
1 



-^6^(r"ei).a;„„,(r«'')"^, (4.27) 

this equation is inconsistent because and ly in the left-hand side of it are antisymmetric 
but these in the right-hand side of it are not antisymmetric. Thus we must add terms in 
the right-hand side of this equation. 
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F * 

+ ^^[2e2r eiF;,^ -662! eiF^ -Seal eiF^^ - 4e2r eiT^ 
-(r"ei)^e^(rVn).^," - ^(r"ei)^c^„,,(r^)",e^ (4.28) 

Thus we obtain 



73 - - 1 - 

+ ^r-e^r'^V'n^/ + -^"^"e^„,,(^«''^)^ (4.29) 

E^^"^^ is subject to the following equation, 

e'^a^£;/(2) = -d;Er^^\F dependent terms) - (r'=e)^(r/^*"^)"F,,t„ 

-^^(r,,^^*" + 245,«5,*r-)6r%. (4.30) 

From ( ^4.29| ) we obtain 

1 293 



.575-9 -/e 55296 9 f e i^J 

+ ^^^^W^e'^V]- (4-31) 
E^^"^^ is subject to the following equation, 

576 



288 

-ier^D[^^„](r'"^)^ (4.32) 
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We obtain 



6m Z6m o/^t 

1 1 

X d X c-p ab e ce fe-p a 

+^e^^(T,Dfilj,r]. (4.33) 

Thus, we have obtained all components of vielbein superfields and 3-form superfields up 
to second order in anticommuting coordinates. 

This results are consistent with the all transformations calculation. 

4.3 Bianchi and constraints 

From results of the previous subsection, we obtain the torsion fields and field strength 
fields as follows, 

(4.34) 
(4.35) 

<V = <7^ = ^Sc<^ = 0' (4-36) 
r^;) = Tt°^ = ^ 0, (4.37) 





rpa{0) 

^ a/3 


— a/3> 


^(0) 

Tna(O) 
- be 


^(0) 
-"a/3 ab 

~ ^abcd 

rpa(ld) 

— 67 


'^^ab af3i 

= 0, 
= 0, 




rp a(0) 






^abcd 


Fabcd • 



(4.38) 

^Fe,,,r/^^%, (4.39) 

(4.40) 

This results satisfy the ^-symmetry constraints ( |3.5| ). By using the Bianchi identity ( p.7| ), 
we obtain equations of motion in component formalism (|2.3|) . In particular, the equation 
of motion for gravitino fields can be obtained by using gauge fixing condition, 

(r'"^^)" = 0. (4.41) 
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Thus this configuration can be identified as backgrounds for supermembrane. 



5 Discussion 

We have obtained E'^^'^\Ej^^'^\ Up to second order in anticommuting coordinates, A^''*^^) 
and remain. These terms and terms which are required to obtain terms of Matrix 

theory which are third order in anticommuting coordinates is under considerations. The 
background field hnear couphng to fiat Matrix in all order of anticommuting coordinates 
was conjectured in ref. [l^ . 



There is a problem of interest to us. It is a gauge fixing problem. As a previous sec- 
tion, gravitino fields are subject to gauge fixing conditions (|4.41| ). Whether for e^,Qmn 
gauge fixing conditions are required or not, it is not yet obvious. From the beginning the 
supermembrane theory has general coordinates transformation symmetry, local supersym- 
metry, local Lorentz symmetry and U(l) gauge symmetry, however to holds K-symmetry, 
we have the constraints for backgrounds which contain gravitino's gauge fixing conditions. 
I think interpretation of A:-symmetry must be investigated further. 
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Appendix 
A Indices 

We use Greek indices for spinorial components and Latin indices for vector components. 
And we use former alphabet for the tangent space indices and later for general coordinates 
indices: a,b,c, ... for tangent vector indices and k,l,m, ... for general vector indices, and 
a,P, ... for tangent spinorial indices and /z, ... for general spinorial indices. 

Superspace coordinates (x™, 6*^) are designated , where later capital Latin alphabet 
M,N,.. are collective designations for general coordinate indices. While former capital 
Latin alphabet A,B, .. are collective designations for tangent space indices. 
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B p-form superfield 

We introduce p-form superfields as follows, 



X = ^dz'^^...dz'^'XM,...M, 

= -E^-...E^'Xa,...a,, (B.l) 
p\ 

32 

XAp...Ai = J2^Ap...M- (B-2) 
i=l 

^Ap..^Ai is component at i-th order in anticommuting coordinates. 

C Convention 

Symmetrization bracket ( ) and antisymmetrization bracket [ ] is defined as follows, 

[Ml. ..Mat] = -^(Mi...Mjv + antisymmetric terms), 
(Ml. ..Mat) = -^(Mi...MAr + symmetric terms) . (C.l) 

D Gamma matrices (11-dimensional) 

Since we use the Majorana representation, all components are real. 
Gamma matrix F" is defined as follows, 

|pap6|^2?7"^ (D.l) 

We use the mostly plus metric; rjab ^ { — h .-.+). We lower the spinorial indices by charge 
conjugation matrix Cap- 

r'^ = Ca,T^ \- (D.2) 

r"' '%(^ = 1,2,5,6,9,10) are symmetric matrices and r"i- ";^(ri = 0,3,4,7,8,11) are 
antisymmetric matrices. 
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